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Wkh fdofxodwlrq ri idfwru0ulvn suhpld lv rqh ri wkh pdmru frqwulexwlrqv ri Du0
elwudjh Sulflqj Wkhru| dv hvsrxvhg e| Urvv +4<:9, dqg Lqjhuvroo +4<;:,1 Lq
wklv olwhudwxuh/ wzr fdvhv duh frqvlghuhg> zkhq wkh idfwruv duh wudghg sruwirolrv
dqg zkhq wkh| duh qrw +vhh iru h{dpsoh Fdpeshoo/ Or dqg Pdfnlqod| +4<<:,,1
Zklovw sudfwlwlrqhu rulhqwhg prghov irfxv rq wkh iruphu/ wkh dfdghplf olwhud0
wxuh lv pruh frqfhuqhg zlwk wkh odwwhu +vhh Exuphlvwhu dqg PfHour| +4<;;,,1
Wkhuh duh frqvlghudeoh sureohpv lq hvwlpdwlqj idfwru0ulvn suhpld/ dv glvfxvvhg
lq Slwvloolv dqg Vdwfkhoo +5334,/ Slwvloolv +5335,/ dqg hovhzkhuh1 Wr doohyldwh vrph
ri wkh hvwlpdwlrq sureohpv/ zh frqvlghu d Ed|hvldq dssurdfk wr hvwlpdwlrq/ vr
wkdw sulru lqirupdwlrq fdq eh xwlolvhg wr lpsuryh dffxudf|1 Pdq| dxwkruv +vhh
iru h{dpsoh Srovrq dqg Whz +5333,/ Hulfvvrq dqg Nduovvrq +5335,, kdyh vkrzq
wkdw Ed|hvldq dssurdfkhv wr olqhdu idfwru prghov dqg sruwirolr wkhru| kdyh ehhq
vxffhvvixo lq uhgxflqj vrph ri wkh h{fhvv yduldelolw| lq wkh gdwd1
Uhjduglqj wkh fkrlfh ri idfwruv/ lqwhuhvw udwhv/ uhwxuqv rq eurdgedvhg sruw0
irolrv rqh ri zklfk/ w|slfdoo|/ dssur{lpdwhv wkh pdunhw sruwirolr/ jurzwk lq
frqvxpswlrq dv wdexodwhg iru h{dpsoh iurp lqdwlrqdu| gdwd/ surgxfwlrq dqg
rwkhu pdfurhfrqrplf yduldeohv wkdw phdvxuh wkh vwdwh ri wkh hfrqrp| duh sr0
whqwldo ulvnv wkdw duh uhzdughg lq wkh vwrfn pdunhw dqg frxog eh lqfoxghg lq d
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idfwru prgho1 Ixuwkhupruh/ yduldeohv wkdw vljqdo fkdqjhv lq wkh ixwxuh/ vxfk dv
whup suhplxpv/ fuhglw vsuhdgv/ hwf1 duh dovr uhdvrqdeoh wr lqfoxgh +vhh Hulf0
vvrq dqg Nduovvrq +5335,1 Rxu irfxv lv rq wkh fdvh ri qrq0wudghg idfwruv/ vr
wkdw rxu idfwruv duh pdfurhfrqrplf rqhv1 Vhyhudo dxwkruv kdyh xvhg pdfurh0
frqrplf yduldeohv dv idfwruv +vhh iru h{dpsoh Mdjdqqdwkdq dqg Zdqj +4<<9,/
Uh|ipdq +4<<:,,1Fkhq hw do1 +4<;9, whvw zkhwkhu lqqrydwlrqv lq pdfurhfrqrplf
yduldeohv duh ulvnv wkdw duh uhzdughg lq wkh vwrfn pdunhw1 Lqfoxghg yduldeohv
duh= wkh vsuhdg ehwzhhq orqj dqg vkruw lqwhuhvw udwhv/ h{shfwhg dqg xqh{shfwhg
lqdwlrq/ lqgxvwuldo surgxfwlrq/ wkh vsuhdg ehwzhhq kljk dqg orz0judgh erqgv/
pdunhw sruwirolr/ djjuhjdwh frqvxpswlrq dqg rlo sulfhv1 Rwkhu pdfur0hfrqrplf
yduldeohv kdyh dovr ehhq frqvlghuhg1
Idpd dqg Iuhqfk +4<<5/4<<6/4<<9, dgyrfdwh d prgho zlwk wkh pdunhw uhwxuq/
wkh uhwxuq ri vpdoo ohvv elj vwrfnv +VPE, dqg wkh vsuhdg ehwzhhq kljk dqg orz
errn0wr0pdunhw vwrfnv +KPO, dv idfwruv1 Krzhyhu/ dowkrxjk hpslulfdoo| yhu|
vxffhvvixo/ wkh qrqglyhuvldeoh ulvn wkdw lv sur{lhg e| wkh uhwxuqv ri wkh KPO
dqg VPE lv qrw fohdu1
Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh eulh| lqwurgxfh wkh
jhqhudo DSW iudphzrun1 Vhfwlrq 514 rxwolqhv wkh h{fhvv uhwxuq jhqhudwlqj sur0
fhvv zkhq idfwruv duh wudghg sruwirolrv dqg vxjjhvwv krz d Ed|hvldq hvwlpdwlrq
iudphzrun fdq eh xwlolvhg lq wklv fdvh1 Vhfwlrq 515 frqvlghuv wkh fdvh ri qrq0
wudghg ru pdfurhfrqrplf idfwruv dqg vhfwlrq 6 ghulyhv wkh sulru dqg srvwhulru
hvwlpdwhv iru wkh +qrq0wudghg, idfwru ulvn0suhpld1 Lq vhfwlrq 7 zh surylgh dq
hpslulfdo dssolfdwlrq wr looxvwudwh krz wkh phwkrgrorj| ghyhorshg lq wkh sdshu
frxog eh xwlolvhg lq sudfwlfh1 Frqfoxglqj frpphqwv iroorz lq vhfwlrq 81
2 Ai Bi?ih@* A 6h@4iLh!
2 Ai , Uitt +i|h? Bi?ih@|?} hLUitt Ei? u@U|Lht
@hi |h@_i_ TLh|uL*Lt


























*v duh wkh idfwruv/ N idfwruv lq wrwdo1 Wkh 
lm
duh wkh ehwdv ru idfwru
ordglqjv/ dqg wkh %l *v duh zklwh qrlvh huuruv1 H{dfw idfwru sulflqj lpsolhv wkdw lq
wkh fdvh ri wudghg idfwruv wkh lqwhufhsw whup lq wkh idfwru prgho +l1h1 htxdwlrq




gluhfwo| iurp wkh vdpsoh phdqv ri wkh h{fhvv uhwxuqv rq wkh wudghg sruwirolrv







uhsuhvhqwv h{shfwhg h{fhvv uhwxuq iurp wkh sruwirolr wkdw plplfv shuihfwo|










yld wkh xvxdo fhqwudo olplw wkhruhpv1




duh wkh phdq dqg yduldqfh
uhvshfwlyho| ri wkh idfwru plplfnlqj sruwirolr iru idfwru n= Iru wklv prgho/ xqolnh







h{dfwo| xsrq wdnlqj wkh h{shfwhg ydoxh ri htxdwlrq +4,1
51414 D Ed|hvldq Iudphzrun
Zkhq sruwirolrv duh idfwruv lw lv txlwh vwudljkwiruzdug wr lqwurgxfh d Ed|hvldq
iudphzrun lq wkh hvwlpdwlrq ri ulvn suhpld1 Wklv fdvh vwurqjo| uhvhpeohv wkh
srsxodu Eodfn0Olwwhupdq prgho xvhg lq wdfnolqj dvvhw pdqdjhphqw sureohpv
+vhh Eodfn dqg Olwwhupdq +4<<4,/ +4<<5,,1
Zh zlvk wr rewdlq wkh srvwhulru suredelolw| ghqvlw| ixqfwlrq +sgi, iru 
n
zklfk zloo wkhq jlyhv xv gluhfwo| d srvwhulru hvwlpdwh iru wkh ulvn suhplxp 
n
=
Zh dvvxph wkdw revhuydwlrqv rq {
n
duh gudzq iurp d qrupdo srsxodwlrq zlwk
xqnqrzq phdq 
n
dqg nqrzq yduldqfh 5
n
= Dv uhjdugv d sulru sgi iru 
n
zh
dvvxph xvlqj vwdqgdug Ed|hvldq phwkrgrorj| +vhh iru h{dpsoh ]hooqhu +4<:4,/
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Wkh ydoxhv ri wkhvh sdudphwhuv duh dvvljqhg e| wkh lqyhvwljdwru rq wkh edvlv ri











Wkhq xvlqj Ed|hv*v wkhruhp wr frpelqh wkh olnholkrrg ixqfwlrq zlwk wkh sulru
sgi wr rewdlq wkh srvwhulru sgi iru 
n




























Khqfh d srvwhulru hvwlpdwh ri wkh ulvn suhplxp/ 
n




H{whqvlrqv iru wkh fdvhv ri fruuhodwhg idfwruv dqg2ru idfwruv zkhuh wkh yduldqfh0
fryduldqfh pdwul{ ri wkh idfwru plplfnlqj sruwirolrv lv xqnqrzq dqg vwrfkdvwlf
duh vwudljkwiruzdug wr ghulyh1 Iru h{dpsoh d glxvh sulru +l1h1 sgi+>	, b
m	m+n.4,@5, ru d Qrupdo0Lqyhuwhg Zlvkduw sulru +l1h1 sgi+m	, qQrupdo dqg
sgi+	, qLqyhuwhg Zlvkduw, erwk ohdg wr pdwul{yduldwh w glvwulexwlrqv iru wkh
srvwhulru +l1h1 sgi+m	, qpdwul{yduldwh w,1 Vhh iru h{dpsoh Vdwfkhoo dqg Vfrzfuriw
+5333, iru dq looxvwudwlrq rq lqfrusrudwlqj vwrfkdvwlf yrodwlolw| lq Eodfn0Olwwhupdq
w|sh prghov1
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Wkh idfwruv i
m
*v duh qrz frqvwuxfwhg vr wkdw wkh| kdyh }hur0phdq +wkh| duh
lq idfw idfwru ghyldwlrqv iurp wkhlu phdq, dqg 
l
ghqrwhv wkh h{shfwhg h{fhvv
uhwxuq iru dvvhw l=+l1h1 
l
@ H+{l,,1 Wr jhqhudol}h wkh deryh vhwwlqj iru rxu Q
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QLG = Lqghshqghqw Qrupdo/  lv wkh srvlwlyh0ghqlwh Q Q uhvlgxdo yduldqfh0















































, dqg [>K> dqg H duh rewdlqhg e| vwdfnlqj
wkh urz yhfwruv {3> k3> dqg %3 uhvshfwlyho|1 PQ ghqrwhv d pdwul{yduldwh qrupdo
glvwulexwlrq41 I lv rewdlqhg e| vwdfnlqj wrjhwkhu i 3dqg lv wkh idfwru gdwd pdwul{1
2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,3> l1h1 d N  4 yhfwru ri idfwru ulvn0suhpld1 Zh zulwh wklv
dv dq htxdolw| dowkrxjk lw lv rqo| dssur{lpdwho| htxdo lq wkh fdvh ri qrq0wudghg
idfwruv1 Wklv wkhq lpsolhv wkdw
 @ E3 +;,
 lv d +Q  4, yhfwru ri h{shfwhg h{fhvv uhwxuqv iru rxu Q dvvhwv dqg E lv d
+N  Q, pdwul{ ri ehwdv1 Wkhq wkh ehvw +furvv0vhfwlrqdo, olqhdu suhglfwru iru
wkh froxpq yhfwru ri h{fhvv uhwxuqv > lv rewdlqhg zkhq
H^E+E3,‘ @ 3 +<,
Wklv lpsolhv wkdw
H^E‘H^EE3‘ @ 3
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Qrwh wkdw wkh *v duh QQ pdwulfhv rewdlqhg iurp wkh +N.4,Q+N.4,Q
yduldqfh0fryduldqfh pdwul{ 	
D
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Zh vwduw e| dvvxplqj wkdw wkh uhvlgxdo yduldqfh0fryduldqfh pdwul{  ghqhg lq
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6:::8 +46,
Wklv ri frxuvh lpsolhv wkdw wkh gldjrqdo hohphqwv ri / qhhg wr eh vshflhg1 Zh
vkdoo iroorz wkh hpslulfdo Ed|hv dssurdfk zkhuh wkh #
ll
duh uhsodfhg e| v5
l
/ wkh
vdpsoh uhvlgxdo yduldqfh hvwlpdwhv1
Lw lv srvvleoh wr uhod{ wkh dvvxpswlrq wkdw  lv {hg dqg gldjrqdo dqg zrun
zlwk  qrq0gldjrqdo1 Wklv lv wkh dssurdfk iroorzhg e| Fkdpehuodlq dqg Urwk0
vfklog +4<;6,/ Lqjhuvroo +4<;7, dqg Frqqru dqg Nrudmf}|n +4<<6,1 Wkhvh dxwkruv
doorz iru qrq0gldjrqdolw| lq wkh yduldqfh0fryduldqfh pdwul{ zklfk zloo glvds0
shdu dv Q jhwv odujh1 Wkh vwulfw idfwru prgho zh dvvxph lv pruh lq olqh zlwk
sudfwlwlrqhu idfwru prghov zkhuh wkh hpskdvlv lv rq pdnlqj fohdu wkh glvwlqf0
wlrq ehwzhhq v|vwhpdwlf ulvn +wkurxjk frpprq idfwruv, dqg lglrv|qfudwlf ulvn
9
+vwrfn0vshflf ulvn,1 Lq dq| fdvh zh vkdoo rxwolqh wkh dssursuldwh h{whqvlrqv wr
rxu uhvxowv zkhq  lv qrq0gldjrqdo1
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Lq Ed|hvldq vwdwlvwlfv/ sdudphwhuv duh wuhdwhg dv udqgrp yduldeohv dqg duh dv0




Y hf hD> h	l +47,
zkhuh PQ ghqrwhv wkh pdwul{yduldwh Qrupdo glvwulexwlrq +vhh wkh dsshqgl{
iru d ghqlwlrq,1 Y hf hD ghqrwhv wkh sulru phdq ri D dqg h	 wkh sulru yduldqfh0
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l11h d +N  4, froxpq yhfwru dqg 

lv d vfdodu1 Wklv dvvxpswlrq lpsolhv wkdw













foduli| zkdw wklv phdqv/ zh vkdoo frqvlghu d vlpsoh h{dpsoh1 Vxssrvh zh kdyh d
fodvvlf Idpd dqg Iuhqfk wkuhh idfwru prgho +l1h1N @ 6 = Pdunhw sruwirolr/ Vl}h
udqnlqj/ dqg Errn wr Pdunhw udwlr1 Wkhq iru hdfk vwrfn zh kdyh ehwdv iru hdfk






lv wdqwdprxqw wr dvvxplqj wkdw









phdqv wkdw wkh ehwdv iurp wkh pdunhw
dqg wkh vl}h idfwruv kdyh d frpprq fryduldqfh 
45
1 Vxfk dq dvvxpswlrq lv erwk
khosixo iru lqwhusuhwdwlrq dqg dovr ohdgv wr hpslulfdo Ed|hv dqdo|vlv1 Vlplodu
dvvxpswlrqv duh pdgh iru wkh phdqv1 Lq sduwlfxodu zh dvvxph wkdw wkh ehwdv ri




Y hf hE @ k h
4
   h
4
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N














dqg qdoo| h @  
3








Zh vwuhvv wkdw wkh deryh dvvxpswlrqv duh vwdqgdug lq Ed|hvldq qdqfh dqg
sduwlfxoduo| khosixo lq xqghuvwdqglqj furvv vhfwlrqdo dqdo|vhv1 Vr fkdqjhv lq 
44
zrxog uhsuhvhqw d fkdqjh lq wkh yrodwlolw| h{srvxuh ri idfwru 41




Khuh zh dvvxph wkdw 
E
@ 3= Wklv sulru dvvxpswlrq zrxog eh khog e| dq
lqyhvwru zkr zdv vfhswlfdo wkdw wkh 
lm
*v lqxhqfhg l dqg h{suhvvhv d glveholhi
lq olqhdu idfwru prghoolqj dqg wkh DSW1 Vxefdvhv zkhuh d vxevhw ri 
E
lv vhw
wr }hur frxog dovr eh frqvlghuhg1





















































































































4 . Y hf+ hE,34
EE
Y hf+ hE,4EEY hf+ hE,3
;











Iru h{dpsoh iru wkh FDSP fdvh zkhuh wkh rqo| idfwru lv wkh pdunhw sruwirolr/













lv wkh sulru hvwlpdwh ri wkh pdunhw ehwd/ 
3
lv wkh sulru phdq ri wkh h{fhvv















































































































Zh fdq surfhhg vlploduo| iru 6 ru pruh idfwruv1




Wkdw wkhuh lv qr furvv0vhfwlrqdo ghshqghqfh/ d sulrul/ ehwzhhq d jlyhq ehwd dqg
wkh phdq h{fhvv uhwxuq vhhpv kljko| xqolnho| jlyhq wkh qdwxuh ri pdq| sudfwl0
wlrqhu surfhvvhv dqg wkhlu srvvleoh nqrzohgjh ri dvvhw0sulflqj wkhru|1 W|slfdo
surfhvvhv lqyroyh vruwlqj e| idfwru h{srvxuh ru yduldeoh/ vr ixqg pdqdjhuv zloo
eholhyh wkdw kljk jurzwk ohdgv wr kljk uhwxuq1 Khuh zh jhqhudol}h wkh deryh
vhwwlqj wr doorz iru wkh pruh uhdolvwlf fdvh ri sulru ghshqghqfh ehwzhhq E dqg
= Zh wkhuhiruh dvvxph wkdw E @ ^4> ===> N‘
3 9@ 31 Wkh jhqhudo irupxod iru
wkh sulru hvwlpdwh iru wkh idfwru ulvn0suhplxp qrz ehfrphv
sulru @
4
4 . Y hf+ hE,34
EE
Y hf+ hE,4EE+Y hf+ hE,3 .E,
Iurp wklv zh fdq qrz zulwh yhu| hdvlo| wkh dqdo|wlf irupxodh iru wkh sulru
hvwlpdwhv ri wkh rqh idfwru fdvh +l1h1 FDSP,/ wzr idfwruv hwf1 Iru h{dpsoh iru











4 ehlqj wkh sulru fryduldqfh ehwzhhq h4 dqg 3= Vlploduo| wkh ulvn suh0































































































H{whqvlrqv iru 6 ru pruh idfwruv duh vwudljkwiruzdug wr rewdlq1
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Zh qrz wxuq wr ghulylqj wkh srvwhulru hvwlpdwhv ri wkh ulvn0suhpld1 Li wkh
sulru glvwulexwlrq ri wkh uhjuhvvlrq frhflhqwv pdwul{ D lv dv lq +47,/ wkhq wkh
srvwhulru glvwulexwlrq ri D lv +vhh iru h{dpsoh Ndgl|dod dqg Nduovvrq +4<<:,,=








+h	4 . ++K3K,4 ,4,l4 +4;,
@
h	4 . ++K3K,4,4
@ +h	4 . e	4,4






+h	4  Y hf hD, . ++K 3K,4 ,4  Y hf^+K 3K,4K 3[‘,
@ 	s

+h	4  Y hf hD, . +e	4  Y hf eD,
Qrz wr zulwh 	s dqg Y hfDs lq sduwlwlrqhg irup qrwh uvw wkdw
K @ ^I> lW ‘,
K 3K @














zkhuh zh kdyh dvvxphg e| frqvwuxfwlrq wkdw wkh idfwruv kdyh }hur vdpsoh phdq






















61514 Vwdqgdug Ed|hvldq Fdvh= +Sulru lqghshqghqfh ehwzhhq E dqg
> l1h1 E @ 3,
Wxuqlqj wr wkh srvwhulru hvwlpdwhv ri wkh phdq dqg yduldqfh/ zlwk sulru lqgh0
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,Y hf hE . ^I 3I 4‘Y hf eEj
^4
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
Wkh hvwlpdwhv iru wkh ulvn0suhplxp yhfwru  qrz iroorz vwudljkwiruzdugo|
iurp wkh surfhgxuh rxwolqhg lq vhfwlrq +516,1
61515 Jhqhudo Fdvh= +Sulru ghshqghqfh ehwzhhq E dqg > l1h1 E 9@
3,
Zkhq wkhuh lv sulru ghshqghqfh ehwzhhq E dqg  wklqjv jhw d elw pruh frp0


































































































































































Vlploduo| wkh srvwhulru hvwlpdwhv iru wkh uhjuhvvlrq frhflhqwv duh jlyhq e| +vhh
wkh dsshqgl{,
Y hfDs @ 	s
















































Qrz wkdw zh kdyh rewdlqhg wkh srvwhulru hvwlpdwhv iru 	s dqg Y hfDs lq sdu0
wlwlrqhg irup lw lv vwudljkwiruzdug wr rewdlq wkh ulvn suhplxp yhfwru  iroorzlqj
wkh surfhgxuh ri vhfwlrq +516,1
61516 H{whqvlrqv ri wkh Plqqhvrwd sulru
Wkh Ed|hvldq iudphzrun lqwurgxfhg deryh xvhg wkh Plqqhvrwd sulru1 Lw lv
srvvleoh wr jhqhudol}h wklv iudphzrun e| doorzlqj iru d qrq0gldjrqdo yduldqfh0
fryduldqfh pdwul{ dqg2ru e| wdnlqj  wr eh xqnqrzq1 Srvvlelolwlhv lqfoxgh xvlqj
d Qrupdo0Zlvkduw sulru/ d Qrupdo0Glxvh sulru +lqwurgxfhg e| ]hooqhu +4<:4,,
ru dq h{whqghg Qdwxudo Frqmxjdwh Sulru +vhh Guh}h dqg Ulfkdug +4<;6,,1 Iru wkh
odwwhu wzr sulruv qr forvhg irup vroxwlrq iru wkh srvwhulru prphqwv h{lvw/ dqg qx0
phulfdo phwkrgv vxfk dv lpsruwdqfh vdpsolqj ru Jleev vdpsolqj duh uhtxluhg1
+vhh Ndgl|dod dqg Nduovvrq +4<<:,,1 Dq dgglwlrqdo srvvlelolw| lv wr pdlqwdlq
wkh dvvxpswlrq ri d gldjrqdo  pdwul{ zkloh wdnlqj wkh gldjrqdo hohphqwv wr
eh xqnqrzq1 Lqghshqghqw lqyhuvh jdppd sulruv rq wkh gldjrqdo hohphqwv wkhq
ohdg wr pdujlqdo pxowlyduldwh w sulruv dqg srvwhulruv iru wkh sdudphwhuv ri hdfk
htxdwlrq1
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Zh qrz suhvhqw dq hpslulfdo dssolfdwlrq ri rxu phwkrgrorj|/ xvlqj qrq0wudghg
idfwruv1 Rxu xvh ri vhyhudo revhuyhg pdfurhfrqrplf ulvn idfwruv wr h{sodlq dv0
vhw uhwxuqv fdq eh mxvwlhg e| wkh qhzhvw jhqhudwlrq ri hpslulfdo uhvhdufk/ dv
vxppdul}hg iru h{dpsoh lq Frfkudqh +5334,1 Rqh ri wkh hduolhvw h{dpsohv ri
dsso|lqj pdfurhfrqrplf ulvnv lq wkh DSW lv wkh sdshu e| Fkhq/ Uroo dqg Urvv
+4<;9, dqdo|}lqj wkh sulflqj ri vxfk idfwruv lq wkh XV pdunhw1 Uhfrjql}lqj wkh
delolw| ri lqyhvwruv wr glyhuvli| dqg wkh fr0pryhphqwv ri dvvhw sulfhv/ wkh dxwkruv
vxjjhvw wkh suhvhqfh ri shuydvlyh ru v|vwhpdwlf lqxhqfhv dv wkh olnho| vrxufh ri
lqyhvwphqw ulvn1 Lq sduwlfxodu Fkhq/ Uroo dqg Urvv qg wkdw 4, xqdqwlflsdwhg
fkdqjhv lq wkh h{shfwhg ohyho ri surgxfwlrq/ 5, xqdqwlflsdwhg vkliwv lq wkh vkdsh
ri wkh whup vwuxfwxuh/ 6, fkdqjhv lq ghidxow suhplxpv dqg 7, xqh{shfwhg lq0
dwlrq duh ulvnv wkdw duh vljqlfdqwo| sulfhg lq wkh XV pdunhw1 E| frqwudvw/
ulvnv vwhpplqj iurp xqdqwlflsdwhg fkdqjhv lq wkh pdunhw sruwirolr/ djjuhjdwh
frqvxpswlrq dqg rlo sulfhv zhuh irxqg qrw wr eh sulfhg e| wkh dxwkruv1
e #@|@
Wkh fkrlfh ri fdqglgdwh pdfurhfrqrplf idfwruv lq wklv sdshu lv odujho| lqvsluhg
e| Fkhq hw do1+4<;9, dqg lv d vxevhw ri wkh idfwruv suhvhqwhg lq Dqwrqlrx hw
do1 +4<<;,1 Doo gdwd iru phdvxulqj wkh pdfurhfrqrplf idfwruv duh rewdlqhg
iurp Gdwdvwuhdp1 Lq dgglwlrq/ gdwd rq wrwdo prqwko| orjdulwkplf uhwxuqv iru
XN vwrfnv duh dovr rewdlqhg iurp Gdwdvwuhdp1 Rxu vdpsoh vsdqv d shulrg ri
yh |hduv/ vwduwlqj iurp wkh hqg ri Qryhpehu 4<<6 xqwlo wkh hqg ri Vhswhpehu
4<<;1 Wkh vdpsoh frpsulvhv 99 vwrfnv iurp wkh IWVH 433 Lqgh{ rq zklfk gdwd
duh dydlodeoh wkurxjkrxw wkh vdpsoh shulrg1 Wkxv wkhuh lv erxqg wr eh vrph
vxuylyruvkls eldv Wkh ryhudoo vdpsoh phdq ri h{fhvv uhwxuqv iru wkh 99 vwrfnv
ryhu rxu vdpsoh shulrg lv fdofxodwhg wr eh 491:( +dqqxdol}hg,1
Dsduw iurp vsdqqlqj wkh vsdfh ri uhwxuqv/ wkh prvw lpsruwdqw surshuw| uh0
txluhg ri dssursuldwh idfwru phdvxuhv lv wkdw wkh| fdqqrw eh suhglfwdeoh iurp
wkhlu rzq sdvw1 Wr dyrlg sureohpv fdxvhg e| wkh srwhqwldo suhvhqfh ri dxwrfru0
uhodwlrq lq wkh yduldeohv/ vlpsoh DULPD prghov zhuh wwhg wr suh0zklwhq wkh
vhulhv1 Lw kdv wr eh qrwhg/ krzhyhu/ wkdw dowkrxjk wklv surfhgxuh lv ghvljqhg
wr dyrlg vsxulrxv fruuhodwlrq/ lw fduulhv d gdqjhu ri srvvleoh plvvshflfdwlrq1
Jlyhq qlwh vdpsohv/ wkh wwhg DULPD prghov fdq rqo| eh dssur{lpdwlqrv wr
wkh wuxh gdwd jhqhudwlqj surfhvv1 Wkh phdvxuhphqw ri wkh ulvn idfwruv xvhg lq
rxu hpslulfdo dssolfdwlrq lv h{sodlqhg ehorz1
71414 Lqgxvwuldo Surgxfwlrq +Lqg1 Surg1,
Lq olqh zlwk Fkhq/ Uroo dqg Urvv/ zh xvh wkh prqwko| jurzwk udwh lq lqgxvwuldo








zkhuh LS ghqrwhv lqgxvwuldo surgxfwlrq1 Zh xvh wkh XNLQSURGJ Gdwdvwuhdp
vhulhv ghqhg dv wkh %XN lqgxvwuldo surgxfwlrq 0 wrwdo surgxfwlrq yro1%1 Dq
DU+4, prgho zdv xvhg wr ghulyh wkh lqqrydwlrqv lq lqgxvwuldo surgxfwlrq1
71415 Lqdwlrq +Lq1,
Zh xvh wkh glhuhqfh lq wkh orjdulwkp ri wkh frqvxphu sulfh lqgh{ +FSL, wr







Zh xvh wkh vhulhv XNUS111I ghqhg dv wkh %XN Uhwdlo Sulfh Lqgh{ QDGM%1 Dq
DUPD prgho zdv xvhg wr ghulyh wkh xqh{shfwhg frpsrqhqw ri wklv vhulhv1
71416 Pdunhw ulvn suhplxp +Pdunhw,
Wr fdswxuh wkh hhfw ri wkh pdunhw ulvn suhplxp idfwru/ zh xvh wkh glhuhqfh lq
wkh uhwxuqv rq wkh htxlw| pdunhw +HP, dqg wkh jryhuqphqw erqg pdunhw +EP,











Zh xvh wkh IWDOOVK+UL, vhulhv ghqhg dv wkh %IWVH Doo vkduh 0 Wrwdo Uh0
wxuq Lqgh{% dqg wkh vhulhv IWDJRYW+UL, ghqhg dv wkh %IWD Jryhuqphqw
Doo Vwrfnv 0 Wrwdo uhwxuq Lqgh{%1 Dq DU+4, prgho zdv xvhg wr ghulyh wkh
lqqrydwlrqv lq wklv vhulhv1
71417 Whup vwuxfwxuh +Whup Vwu1,
Wr fdswxuh wkh hhfw ri xqdqwlflsdwhg vkliwv lq wkh whup vwuxfwxuh/ lq olqh zlwk
wkh dssurdfk iroorzhg lq wkh olwhudwxuh zh xvh wkh vsuhdg ehwzhhq orqj0whup
+OWU, dqg vkruw0whup lqwhuhvw udwhv +VWU,=
WVw @ OWUw  VWUw
Zh xvh wkh uvw glhuhqfh lq wkh orjdulwkp ri wkh vhulhv EPXN63\+UL,
ghqhg dv wkh %XN Ehqfkpdun 63 \hduv GV Jryhuqphqw Lqgh{ 0 Wrwdo Uhwxuq
Lqgh{% dqg wkh vhulhv OGQW6EP ghqhg dv wkh %XN Wuhdvxu| Eloo Glvfrxqw 6
prqwk 0 Plggoh Udwh%1
e2 +it*|t
71514 Hpslulfdo Ed|hvldq dssurdfk dv sulru
Zh vwduw e| hpsor|lqj dq hpslulfdo Ed|hvldq dssurdfk lq vshfli|lqj rxu sulru












xvlqj ROV uhjuhvvlrq iru hdfk ri wkh 99 vwrfnv lq rxu sruwirolr1 Qh{w/ wkh sulru
sdudphwhu 
3











+Wkh v|peroeghqrwhv dq ROV hvwlpdwh,1 Vlploduo| wkh sulru sdudphwhuv k h
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;n 5 +4> ===>N,
Ilqdoo| EE / / dqg E duh dvvljqhg ydoxhv wdnhq iurp wkh furvv0vhfwlrqdo
yduldqfh0fryduldqfh pdwul{ ri wkh hvwlpdwhg *v +lqwhufhswv, dqg *v1 +vhh iru h{0
dpsoh Wdeoh +5, lq wkh dsshqgl{ zkhuh zh uhsruw wkh hvwlpdwhg furvv0vhfwlrqdo
fruuhodwlrq pdwul{ ri *v dqg *v,1 Sulru dqg srvwhulru hvwlpdwhv iru wkh ulvn
suhpld duh qh{w ghulyhg xvlqj wkh wzr vxefdvhv suhvhqwhg lq vhfwlrqv +614, dqg
+615, +vhh Wdeoh 7 lq wkh dsshqgl{,1 Qrwh wkdw iru wkh vxefdvh zkhuh e| frq0




71515 FDSP dv sulru
Zh qrz pdnh wkh dvvxpswlrq wkdw zh duh FDSP dgyrfdwhv dqg zh zdqw wr lq0
frusrudwh wklv lq rxu sulru lqirupdwlrq1 Wklv hhfwlyho| phdqv wkdw zh frqvwuxfw
rxu sulruv vr wkdw zh qrz kdyh h
Pdunhw




@ 3> ; n 9@Pdunhw1 Iru
wkh uhpdlqlqj k|shushudphwhuv zh frqwlqxh wr xvh wkh hpslulfdo Ed|hv dssurdfk
dulvlqj iurp wkh surfhgxuh ri hvwlpdwlqj xqfrqvwudlqhg uhjuhvvlrqv rxwolqhg lq
wkh suhylrxv vhfwlrq1 Krzhyhu zh qrwh wkdw vlqfh lq wklv fdvh rxu sulru lq0
irupdwlrq lpsolhv wkh h{foxvlrq ri fhuwdlq uhjuhvvruv dqrwkhu srvvlelolw| zrxog
eh wr frpsxwh wkh uhpdlqlqj k|shusdudphwhuv e| hvwlpdwlqj frqvwudlqhg ohdvw
vtxduhv uhjuhvvlrqv1
Zh hvwlpdwh ulvn suhpld erwk zlwk dqg zlwkrxw wkh dvvxpswlrq ri sulru lq0
ghshqghqfh ehwzhhq  dqg E1 Rxu uhvxowv duh h{klelwhg lq wkh dsshqgl{1 Lq
sduwlfxodu Wdeoh 4 uhyhdov wkh fruuhodwlrq vwuxfwxuh ehwzhhq rxu idfwruv> qrwdeoh
duh wkh kljk fruuhodwlrq ehwzhhq Lqgxvwuldo Surgxfwlrq dqg Lqdwlrq +srvlwlyh,
dqg Lqgxvwuldo Surgxfwlrq dqg wkh Whup Vwuxfwxuh +qhjdwlyh,1 Wdeoh 5 uhsruwv
wkh sdwwhuq ri furvv0vhfwlrqdo ROV ehwd*v dqg phdq h{fhvv uhwxuqv iru rxu 99
vwrfnv1 Wdeoh 6 uhsruwv rxu ehwd uhvxowv1 Lpsrvlqj wkh uhvwulfwlrq E @ 3 kdv
olwwoh lpsdfw rq wkh uhvxowv1 Xvlqj wkh Hpslulfdo Ed|hv sulru ohdgv wr yhu| olwwoh
Ed|hvldq xsgdwlqj> rxu sulru dqg srvwhulru hvwlpdwhv duh hvvhqwldoo| htxdo1 Krz0
hyhu lpsrvlwlrq ri wkh FDSP sulru ohdgv wr srvwhulru hvwlpdwhv ri ehwdv wkdw duh
vpdoohu lq pdjqlwxgh iru lqdwlrq wkdq ehiruh/ zklovw +xqvxusulvlqjo|, lqfuhdvlqj
vxevwdqwldoo| wkh uroh ri wkh pdunhw1 Lqgxvwuldo Surgxfwlrq kdv fkdqjhg olwwoh
zklovw whup vwuxfwxuh kdv pruh ru ohvv glvdsshduhg1 Wxuqlqj wr Wdeoh 7/ wkh
48
pdunhw ulvn suhpld zlwk d FDSP sulru duh qrz srvlwlyh h{fhsw iru lqgxvwuldo
surgxfwlrq dqg duh grplqdwhg e| wkh pdunhw ulvn suhplxp1 Ilqdoo| lq Wdeoh 8
zh frpsxwh wkh phdq ryhudoo sulru dqg srvwhulru uhwxuq suhplxp dulvlqj iurp
wkh DSW uhodwlrqvkls  @ E3= Sxulvwv pljkw pdnh d fdvh iru wudqviruplqj wkh
srvwhulru mrlqw glvwulexwlrqv wr ghulyh wkh glvwulexwlrq ri wkh srvwhulru ulvn suh0
plxp dqg wkhq fdofxodwlqj rxu phdq1 Krzhyhu/ vlqfh rxu uhvxowv duh hvvhqwldoo|
wkh vdph zkhwkhu zh lpsrvh wkh sulru wkdw E @ 3 ru E 9@ 3/ zh wkrxjkw
wklv zrxog dgg xqqhfhvvdu| frpsolfdwlrqv1 Rxu qdo uhvxow ri d FDSP srvwh0
ulru ri 4919( +
E
9@ 3, ru 491<( +
E
@ 3, fdq eh frpsduhg zlwk wkh ryhudoo
dqqxdol}hg vdpsoh phdq h{fhvv uhwxuq ri vwrfnv lq wkh shulrg ri 491:(1 Wklv
frpsduhv idyrudeo| zlwk wkh hpslulfdo Ed|hv srvwhulru hvwlpdwhv ri derxw ;(
dqg dovr zlwk wkh FDSP hvwlpdwh ri derxw 4;(1
D L?U*tL?
Rxu sdshu kdv vhw rxw wr looxvwudwh krz wr xvh Ed|hvldq phwkrgv wr frpsxwh
idfwru ulvn suhpld lq dq DSW iudphzrun iru erwk fdvhv ri wudghg dqg qrq0wudghg
idfwruv1 Xvlqj d vdpsoh ri XN vwrfnv iurp 4<<6 wr 4<<; zh irxqg hylghqfh wkdw d
FDSP sulru vhhphg wr surgxfh pruh gdwd frqvlvwhqw uhvxowv wkdq dq hpslulfdo
Ed|hv dssurdfk1 Krzhyhu vlqfh rxu FDSP sulru vwloo uhwdlqv vrph hpslulfdo
Ed|hv k|shusdudphwhuv edvhg rq wkh DSW/ d uroh ri lpsruwdqfh iru wkh FDSP
yhuvxv wkh DSW/ lv e| qr phdqv frqfoxvlyh1 Lq idfw/ rxu uhvxowv vxjjhvw wkdw d
Ed|hvldq pl{wxuh ri FDSP dv sulru dqg DSW dv wkh gdwd jhqhudwlqj surfhvv
rxwshuirupv erwk fodvvlfdo fdvhv ri FDSP ru DSW dorqh1
Rqh fdvh qrw frqvlghuhg lq wklv sdshu/ ru lqghhg hovhzkhuh lq wkh olwhudwxuh/
lv wkh lpsruwdqw k|eulg fdvh zkhuh vrph idfwruv duh wudghg zklovw vrph duh qrw1
Zh krsh wr dgguhvv wklv sureohp lq d odwhu sdshu1
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Ohw [ dqg Y hf[ ghqrwh d st udqgrp pdwul{ dqg lwv stglphqvlrqdo froxpq
h{sdqvlrq uhvshfwlyho|1 [ lv vdlg wr kdyh d pdwul{yduldwh qrupdo glvwulexwlrq
zlwk sdudphwhuv P 5 ?st> S 5 Fs/ dqg T 5 Ft +Fq ghqrwhv wkh vhw ri q q/
srvlwlyh ghqlwh v|pphwulf pdwulfhv,
[ qPQ
st
+Y hfP>T S ,
li dqg rqo| li
Y hf[ q Qst+Y hfP>T S ,
+wklv ghqrwhv d pxowlyduldwh qrupdo glvwulexwlrq,1
Wkhuhiruh lwv ghqvlw| ixqfwlrq lv jlyhq e|
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^4‘ Dqwrqlrx/ D1/ Jduuhww/ L1/ dqg Sulhvwoh|/ U1 +4<<;,1 Pdfurhfrqrplf ydul0
deohv dv frpprq shuydvlyh ulvn idfwruv dqg wkh hpslulfdo frqwhqw ri wkh
duelwudjh sulflqj wkhru|1 Mrxuqdo ri Hpslulfdo Ilqdqfh/ 55405731
^5‘ Edxzhqv/ O1/ P1 Oxeudqr/ dqg M0I1 Ulfkdug +4<<<,1 Ed|hvldq lqihuhqfh
lq g|qdplf hfrqrphwulf prghov1 Dgydqfhg wh{wv lq hfrqrphwulfv/ R{irug
Xqlyhuvlw| Suhvv1
^6‘ Eodfn1 I1 dqg U1 Olwwhupdq +4<<4,1 Joredo dvvhw doorfdwlrq zlwk htxlwlhv/
erqgv dqg fxuuhqflhv1 Jrogpdq Vdfkv dqg Fr1/ Rfwrehu1
^7‘ Eodfn/ I1 dqg U1 Olwwhupdq +4<<5,1 Joredo sruwirolr rswlpl}dwlrq/ Ilqdqfldo
Dqdo|vwv Mrxuqdo/ Vhsw0Rfw/ 5;0761
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lwlhv dqg ulvn suhpld iru wkh Duelwudjh Sulflqj Wkhru|1 Mrxuqdo ri Ilqdqfh/
76/ :540:661
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^:‘ Fkdpehuodlq/ J1 dqg P1 Urwkvfklog +4<;6,1 Duelwudjh/ idfwru vwuxfwxuh/
dqg phdq0yduldqfh dqdo|vlv rq odujh dvvhw pdunhwv/ Hfrqrphwulfd/ 84/ 45;40
46371
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pdunhw/ Mrxuqdo ri Exvlqhvv/ 8</ 6;607361
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^44‘ Guh}h/ M1 dqg M10I1 Ulfkdug +4<;6,1 Ed|hvldq dqdo|vlv ri vlpxowdqhrxv htxd0
wlrqv1 Lq= Julolfkhv/ ]1 dqg P1 Lqwuloljdwru +Hgv1,/ Kdqgerrn ri Hfrqrphw0
ulfv/ Yro1 L/ Fkds1 <1 Dpvwhugdp= Qruwk0Kroodqg1
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dqrpdolhv/ Mrxuqdo ri Ilqdqfh/ 84/ 880<71
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^49‘ Lqjhuvroo/ M1 +4<;7,1 Vrph uhvxowv lq wkh wkhru| ri duelwudjh sulflqj/ Mrxuqdo
ri Ilqdqfh/ 6</ 43540436<1
^4:‘ Lqjhuvroo/ M1 +4<;:,1 Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj1 Urzpdq ) Olw0
wohhog/ Qhz Mhuvh|1
^4;‘ Mdjdqqdwkdq/ U1 dqg ]1 Zdqj +4<<9,1 Wkh frqglwlrqdo FDSP dqg wkh
furvv0vhfwlrq ri h{shfwhg uhwxuqv/ Mrxuqdo ri Ilqdqfh/ 84/ 60861
^4<‘ Ndgl|dod/ N1U1 dqg V1 Nduovvrq +4<<:,1 Qxphulfdo phwkrgv iru hvwlpdwlrq
dqg lqihuhqfh lq Ed|hvldq YDU0prghov/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/
45/ <<04651
^53‘ Slwvloolv/ P1 +5335,1 Hfrqrphwulf Dqdo|vlv ri Qdwlrqdo dqg Lqwhuqdwlrqdo
Ulvn Suhpld1 SkG wkhvlv/ Xqlyhuvlw| ri Fdpeulgjh/ XN1
^54‘ Slwvloolv/ P1 dqg V1 Vdwfkhoo +5334,1 Lpsurylqj wkh hvwlpdwhv ri ulvn suhpld
0 dssolfdwlrq lq wkh XN qdqfldo pdunhw1 GDH zrunlqj sdshu/ Xqlyhuvlw|
ri Fdpeulgjh1
^55‘ Srovrq/ Q1 J1 dqg E1 Y1 Whz +5333,1 Ed|hvldq sruwirolr vhohfwlrq= Dq
hpslulfdo dqdo|vlv ri wkh V)S 833 lqgh{ 4<:304<<91 Mrxuqdo ri Exvlqhvv
dqg Hfrqrplf Vwdwlvwlfv/ 4;/ 49704:61
^56‘ Uh|ipdq/ D1 +4<<:,1 Oderu pdunhw ulvn dqg h{shfwhg dvvhw uhwxuqv/ SkG
wkhvlv/ Xqlyhuvlw| ri Fklfdjr1
^57‘ Urvv/ V1 D1 +4<:9,1 Wkh Duelwudjh Wkhru| ri Fdslwdo Dvvhw Sulflqj1 Mrxuqdo
ri Hfrqrplf Wkhru|/ 46/ 6740693
^58‘ Vdwfkhoo/ V1 dqg D1 Vfrzfuriw +5333,1 D ghp|vwlfdwlrq ri wkh Eodfn0
Olwwhupdq prgho= Pdqdjlqj txdqwlwdwlyh dqg wudglwlrqdo sruwirolr frq0
vwuxfwlrq/ Mrxuqdo ri Dvvhw Pdqdjhphqw/ 4/ 5/ 46;04831
^59‘ ]hooqhu/ D1 +4<:4,1 Dq lqwurgxfwlrq wr Ed|hvldq lqihuhqfh lq hfrqrphwulfv/
Zloh|/ Qhz \run1
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